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1 Free Vibration of an undamped one-degree-of-freedom system

1.1  Solving for direct Equilibrium

Starting with a few simple assumptions that the spring has some spring constant k£ and a mass m. It is also
assumed that this system has no friction between the surface and the mass on the end of the spring and that
this is a single degree of freedom system.

k>0, m>0

Summing the forces in the = direction yields the following differential equation.

Key Equation

Zszmﬁ—i—ku:O

This differential equation can be solved using the characteristic equation method as shown below.

u(t) = Ae®,  a(t) = Ase®, ii(t) = Ag2est

Substituting into the equation of motion:

mAs2e’t + Ake®t =0

Ae*t(ms? + k) =0

s = +iw

u(t) = Ae™t + Be~ ™!
Using Euler’s identity:
e = cos(f) + isin(h)

The general solution in real form is:

Key Equation

u(t) = Acos(wt) + Bsin(wt)




u(t) = —Aw sin(wt) + Bw cos(wt)

Assume the following initial conditions:

Applying initial conditions:

u(0) = Acos(0) + Bsinf0] = A= u(0)

u(0) :M—F Bwcos(0) = B= u(0)

Putting these results together the final expressions can be obtained:

a(0)

w

u(t) = u(0) cos(wt) +

sin(wt)

.
—~
~
~—
I

—u(0)w sin(wt) + 4(0) cos(wt)

Key Equation

()=, <] )

—wsin(wt)  cos(wt)

Alternative amplitude-phase form:

o= fuo s (M0

0 = arctan <—

u(t) = pcos(wt + 6)

U(t) = —pwsin(wt + 6)

1.2  Energy Methods )

Total energy in the system:

1 1 .
EPotental = §ku(t)27 EKinetic = imu(t)Q



Key Equation

1 1 .
Eiotar = iku(t)2 + imu(t)2

Erpag = %(ku(tf + mat)?)

d d 1

—Fiotal = —(= 2 1(t)?

dt total dt(2(kU(t) +mu(t) ))
dEtotal

otal (%(Zku(t)u(t) + Zma(t)i(t)))

From here a similar result emerges as when the sum of forces is taken in the x direction, (mii(t) + ku(t))
However with some additional assumptions, this derivation can provide additional information on the system

itself.
dF,
= = (mii(t) + u(t)i(?)
Assume Energy is conserved:
% =0, E(t) = Constant

If energy is conserved % = 0 then equilibrium is satisfied mii(t) + ku(t)

If Equilibrium is satisfied (mii(t) + ku(t)) then energy must be conserved (4Ztetal
Then it can be said that the following statements are also true:

1 1
Eroia; = Constant = §kU(t)2 i §mu(t)2

When 4(t) = 0 then u(t) = pmaz = Umaz(f)
When u(t) = 0 then 4(t) = Umqqz(t)

:())

2 Free Vibration of a linear viscously damped 1 degree of freedom

system

k>0, ¢>0, m>0

Summing forces in the x direction:

ZF =mi+cu+ku=20

Assume exponential solution:

u(t) = Ae*t,  a(t) = Ase®, i(t) = As?e®!
Substituting:

mAS?e®t + cASest + kAest =0



At (mS? +¢S+k)=0

Using the quadratic formula:

—c Ve —4mk
Sip=r—*—7F——
’ 2m 2m

Normalizing with natural frequency w = +/k/m:

—Cc-w c? 4mk
Sio = + —
L2 o w 4m?2  4m?

—C - 2. .42 k
1y — cwi\/c w _M

’ 2m - w 4m? - w? dmm

Define the damping ratio:

General solution:
u(t) _ Ae(—'t/)w—i-w\/'t/ﬂ—l)t + Be(—ww—ww/wQ—l)t
u(t) = e ¥t (Ae“’\/ =1t 4 Bemwv 7/’2_”’)
From here, the exact solution depends on 9 in the equation, starting with the case where — > 1.

2.1 Case 1: Overdamped (—¢ > 1)
Hyperbolic trig identities:

Using hyperbolic functions:

AV L Bemw VPl — A cosh(wy/9h? — 1t) + B sinh(wy/12 — 1t)

Position function:

Key Equation

u(t) = e~ ¥+t (A cosh(w+/9? — 1t) + Bsinh(w+/¢? — 1t) )




Derivative of position function:

u(t) = —hwe V1 (A cosh(wy/9? — 1t) + Bsinh(w+/9? — lt))
+ w92 — 1e ¥t (Asinh((.m/i/)2 — 1t) + B cosh(wy/¥? — 1t))

Simplified version of the derivative of the position function:

a(t) = e V! [ (—wwA + w92 — 13) cosh(wy/9? — 1t)
+ (—wa + wWA) sinh(w\/ﬁt)]

Assuming the following initial conditions:

Applying ¢t = 0:
u(0) = £ (A cosh(0) + Bsinht0))

A = u(0)

w(0) = & KLZMA + me) cosh(0) + <*77ZJwB + = sinh(0)

1(0) = —pwA + w92 — 1B, A =u(0)

L (0) — Y0
wy/YP?2 —1

Final simplified equation:

Key Equation

2.2 Case 2: Critically Damped (¢ = 1)
When ¢ = 1:

u(t) = 7V (AesVVITI g peme/vioIn)

v=1 wyV12-1=0

u(t) = Ae ¥t  Be vt

Since Ae~%*t = Be~ %! Be %! needs to be pre-multiplied by ¢ to maintain 2 unique solutions to the
differential equation.



Key Equation

u(t) = Ae ¥t 4 Bte ¥t

w(t) = A — hwe ¥ 4 Be VW 4 —qpwtBe V!

Assume the following initial conditions:

Applying t = 0:

(0) = A — Ywe® + Be® + —1uwbBe 0

B = u(0) — ¢pwu(0)

Key Equation

u(t) = e~ (u(0) + (4(0) — Ywu(0))t)

2.3 Case 3: (v <1)
Euler’s identity:

e’ = cos(0) + isin(f)

Complex Numbers definition:
i=v-1
u(t) = Ae(—vwtoy/ (=92 -1t 4 po(—dw—wy/(1-¢2)-1)t
u(t) = Ae(—Ywtey (1=¢2) V=Dt | po(—vw-wy/(1-¢?)vV-1)

u(t) = e ¥ (Ae@V IVt L Be(-wiv/ (1=¥2)t)
Apply Euler’s Identity:

u(t) = e ¥ (Acos(wr/1 — 2t) + Bsin(wy/1 — ¥2t))

Key Equation

u(t) = e ¥ Acos(wy/1 — ¥2t) + e~ ¥* Bsin(wy/1 — 12t)

u(t) = —Ywe " Acos(w/1 — ¢2t) — wy/1 — Y2e ¥t Asin(wy/1 — 2t)



—pwe” Y Bsin(wy/1 — ¢2t) + wy/1 — ¢2e ¥  Beos(w/1 — 2t)

Simplified version of the derivative of the position function:

u(t) = e ¥lcos(wy/1 — 2t) (—YpwA + wr/1 — P2B) 4+ e ¥“lsin(wy/1 — 2t)(—wy/1 — Y2 A — YwB)

Assume the following initial conditions:

Applying t = 0:

a(t) = e ¥“Ocos(0)(—pwA + wy/1 — ¥2B) —&—W@

u(0) = —YpwA + w\/1 — 2B, A =u(0)

_u(0) + Ywu(0)

B wy/1 — )2

Key Equation

4(0) + Ywu(0) "

wy/1 —p?

u(t) = u(0)e~¥“teos(wy/1 — ¥2t) + Ysin(wy/1 — ¥2t)

— e—ww o 2 ’U,(O) + ¢wu(0) 2

%(0) + Ywu(0)

u(0)wy/1 — 2

6 = arctan(

)

Key Equation

u(t) = pcos(wy/1 — P2t + 0)




2.4 Types of Graphs
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0.010

0.005 4

0.000

du/dt

—0.005 4

—0.010 4

T T T T T
—0.0075-0.0050-0.0025 0.0000 0.0025 0.0050 0.0075 0.0100 0.0125
u

Figure 1: Enter Caption

Energy vs Time

0.0007 4

0.0006 -

0.0005 4

0.0004 4

Energy

0.0003 +

0.0002 4

0.0001

0.0000 4

84

0 5 10 15 20 25
time (s)

Figure 2: Enter Caption

0.010

0.008 4

0.006 4

du/dt

0.004 -

0.002 A

0.000 -

T T T T T
0.000 0.002 0.004 0.006 0.008 0.010

Figure 3: Enter Caption



Displacement, Velocity, and Acceleration vs Time
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2.5 Energy Considerations
I RCEN 2
Eiotar = 2mu(t) + 2ku(t)

EDissapated - ED (t)

Law of conservation of energy states that:

Erotar + EDisapated = Constant

d
%(ETotal + EDissapated) =0

3 Linear Single Degree of Freedom System With Additive force

Start by summing up the forces acting in the X Direction:

> Fy = mii(t) + ci(t) + ku(t) = P(t)

Unlike in the previous situations, this problem has two different starting points:
Given: The system state function, initial conditions, and the input forces.
Determine: Future state of the system (response)

Given: The system state equations, state initial conditions, and good constrains
Determine: The input force

Recall to statics:

1
H:U+V:§ku2—Pu



Given the following constraints:

dll
H: _— =
oM =0, 75 =0

Given this the system can be solved for equilibrium:

ku—P=0
P
U= —

k

Defining all the types of energies in a dynamical system:
Kinetic Energy:

Strain Energy:

Energy dissipated from Damping:

Ep(t) = /0 cu(t)?dt

Work Done by External forces:
t
W, (t) = / P(tya(t)dt
0

Key Equation

(a)When is a forcing function ”Dynamic” Rather than effective ”static”. Essentially, the rate at witch
load is applied could be so relatively slow that the problem yields similar results results to a statics
problem?

(b) What is the ”Dynamic Amplification” or the ratio between the dynamic displacement and the
static displacement?

Solving for a single degree of freedom system with a constant force applied yields the following results:

Particular solution:

mii(t) + cu(t) + ku(t) = C

u(t) = C, a(t) = 0, i(t) = 0

Exact Solution:

mii(t) + cu(t) + ku(t) = C

u(t) = e ! (A cos(wy/9? — 1t) + Bsin(w/9? — 1t))

10



Combining these together the following solution is obtained assuming ¢ < 1:

u(t) = 22 + ! (A cos(wy/T — ) + Bsin(wy/T - 42t))

Derivation of the Velocity:

u(t) = % + e V(A cos(wy/1 — 92t) + Bsin(wy/1 — ¥2t))

a(t) = —wy/1 — Y2e ¥ Asin(wy/1 — h2t) — YpwAe™ ¥ cos(wy/1 — 2t)
+wy/1 — Y2e ¥ Beos(wy/1 — 2t) — pwBe™ ¥ sin(wy/1 — ¥2t)

Rearranging the terms the final simplified expression can be obtained:

w(t) = e Ytsin(wy/1 — ¥2t)(—wy/1 — Y2 A — wB) + e~ ¥teos(wy/1 — 2t)(wy/1 — 2B — hwA)

Assuming the following initial conditions:

Applying ¢t = 0:

u(0) = 32+ 70 (A coso/T= 42(0)) + Bsinkur A= 72(0)))

Py
=—+A
u(0) k+
Py

A= u(0)— 20
u() - 1

u(0) = eﬂpw(o)sin(w\/ 1 — )2 —wy1—Y?A—wyYB) + 677’”“’(0)003((,0\/ 1—42(0)) (w1 —9?B — ¢YwA)

w(0) = (wy/1 — 928 — YwA)

B_ u(0) + YpwA

wy/1 — )2
(0) + Yw(u(0) — 5

wy/1 — 92
Applying these terms into the original equation the following expression is obtained:

P Py w(0) + Yw(u(0) — £2)
u(t) = — 4+ e ¥ ((u(0) — =) cos(wr/1 — ¥2t) + k) sin(wy/1 — 42t
()=~ ((u(0) — 5=) cos( P2t) + ( RV ) sin( P2t))

Separating the terms for the exact solution and the particular solution, the simplified expression is

obtained:

B =

11



u(t) + Ywu(0)
i
Pw

u(t) = e ¥ (u(0)cos(wy/1 — p2t) + sin(w/1 —2t))

P
Jr?O(l — e ¥ (cos(wr/1 — 2t + (
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Time Domain Function f(¢) | Laplace Transform F'(s)
1
1 il
5
1
' e
n n!
t S7L+1
eat I
s—a
. w
sin(wt) P
cos(wt) S
s2 + w?
. w
Slnh(wt) m
5
COSh(Wt) m
f(@®) sF(s) — f(0)
f@) s*F(s) = s£(0) = £(0)
u(t — a) (Heaviside step) ¢
s
ft—a)u(t —a) e~ F(s)
o(t —a) e~ as

Table 1: Common Laplace Transforms

Py t<ty
mii(t) + ku(t) =
0 t>1tq
Py t<ty

L(mi(t) + ku(t))|s| = L
0 t >ty

m(sF(s) — su(0) —a(0)) + kF(s) = L(Po(1 — H(t — tq)) + 0(H(t — tgq)))|s]|
(2P (s) — sulOy—i0]) + KkE(s) = £(Py(1 — H(t  t4)) + O(HE—t)T]s

ms*F(s) + kF(s) = L(Po(1 — H(t —tg)))|s]

eftds

F(s)(ms? + K) = (Po(s — <)

PO 1 €
(ms2+k)(gi s )

Fs) =(

Now, some algebraic manipulation needs to be performed:

k

m

W
k

w- =

)

1
m

factoring out the m:

13



F —
&= GG )
Pyw? 1 e tas
F(s) = z_
()= Gz G - 5
Py 1 s 1 e tas
F(s) ((?)(g—m)(g— s )
Now the inverse Laplace transform can be taken of the function:
Py 1 s 1 e tas
-1 e N A S
LRI = £ NG — GG — S
- PO 1 1 €_tds
U(t)—f L (; m)\ﬂ L~ ( hiid
Py

u(t) = - (1 = cos(wt) - (1 —u(tqy —t))

u(t) = — - (1 — cos(wt) - (1 —u(tq —t))

JZO ((1 = cos(wt) — (1 — cos(tq — t)u(ta —t))

u(t) =

4 Response ratio

Response is defined as the ratio between the dynamic displacement and static displacement.

R(t) = ;o(;)k =[1 — e ¥ (cos(wr/1 — 2t) + \/75”1 1 —4?t))]
R(t) = ;()(24 =[1—e ¥ (cos(wy/1 — ¥2t) + \/7 “Ylsin(wy/1 — ¥2t))]

Now assume w+/1 — ¥2t = 7, plug this into the above expression;

pp =l et

Key Equation

The following python script can graph the response ratio for a single degree of freedom spring given the
1 value. In this example, the ¢ values of .05, .15, .33, .75 and .99 are all being graphed together on the
same plot using the initial expression above. As shown in Figure 1,

14



import numpy as np
import matplotlib.pyplot as plt

"
I

np.linspace(0, 40, 1000)
w=1.0

def response_function(x, L, w):
wd = w * np.sqrt(l - L*x*2)
return 1 - np.exp(-L * w * x) * (
np.cos(wd * x) + (L * w / wd) * np.sin(wd * x)

)

for L in np.array([.05, .15, .33, .75, .99]):
y = response_function(x, L, w)
plt.plot(x, y, label=f"L = {L:.2f}")

plt.xlabel("t")
plt.ylabel("y*P/k")
plt.legend()
plt.show()

The following figure shows the position of the pendulum for the first 40 seconds after a force is applied.
This graph shows a series of different ¢ to demonstrate how the max amplitude changes with a larger
damping constant.

Figure 9: Enter Caption

The following python script takes the max amplitude of each variation from figure 1 and plots in with
respect to time. Since the max amplitude happens at the same point for each variation, this expression can
be generalized as done above.

import numpy as np
import matplotlib.pyplot as plt

x = np.linspace(0, 40, 1000)
w=1.0

def response_function(x, L, w):

15



y_const = 1 + np.exp(-L * np.pi / np.sqrt(1l - L**2))
return np.ones_like(x) * y_const

for L in np.array([0.05, 0.15, 0.33, 0.75, 0.99]):
y = response_function(x, L, w)
plt.plot(x, y, label=f"L = {L:.2f}")

plt.xlabel("t")
plt.ylabel("y-P/k")
plt.legend()
plt.grid(True)
plt.show()

This figures plots the max amplitudes of for each v value, as shown in the code above. As shown, as the
1) value decreases the max amplitude increase for a given spring.

1.8
1.6
— L=0.05
L=0.15
By — L=033
> 1.4 — L=075
—— L=0.299
1.2
1.0
1] 5 10 15 20 25 30 35 40
t
Figure 10: Enter Caption
Py hw
— 291 L ptwt — a2 ; _ )2
u(t) = p [1—e (cos(w/1 —¥%t) + Cu\/msm(w 1 —2t))]

Take t = At since the applied force happens over a very short amount of time:
Py

1 — e ¥R (cos(wy/1 — P2AL) + sm (w1 —9Y2At))]
k \/1

Approximate the sin and cos waves using Taylor series as shown below:

u(At) =

. e, (D" gy P T S G
i) =2 G Syt T
R VICS ) P 2?2zt 2% a8
n=0
X n
Z——1+x+—2+x3 i
2 ) ot T3 T

16



u(t) = 220 — (1 - gwrt)- (14 LJ‘”%—, N =)
— PO

u(t) = (1= (1= wA) (1 + YwAd)

Expanding this out the following is obtained:

ut) = -1 -(1 + YWAE—pTE + P w? At?))
At can be taken as 0 so the expression simplifies to:
u(t) =0
Take the derivative of the function as shown below:
B _ PYw )
u(t) = —[1 — e ¥ (cos(wy/1 — Y2t) + ————sin(w/1 — 2t
() =2 (coso/ 1= 28) + — i/ 1= 371)
d d P,
au(t) = af[l — e Y (cos(wy/1 — P2t) + W%sm(w 1 —2t))]
. Po _ T/)w .
W(t) = = (Ywe ¥ (cos(wr/1 — P2t) + ————sin(w+/1 — 2t
()= (cos( d})wm( Y2t))

—e Y (—wy/1 — 2sin(wy/1 — 2t) + Ywcos(wr/1 — ¥2t))

Now plug in t = z + At and approximate the function using Taylor series:

iz + At) = %wwe-wﬂﬂ (cos(wy/T— 42(z + At)) + J%smwl —2(z + A1)

—e VOCEHAD (/T —2sin(wy/1 — ¥2(z + At)) + Pweos(wy/T — 2(z + At)))

Apply Taylor series to the above formula:

u(z + At) = %(ww(l — YwAL) (1 + YwAt) — (1 — YpwAt)((w/q — 2)2 At + Yw))))

u(z — At) = %((w\/ 1 —42)? + 2w?)At

Recall that w? = %

17



Key Equation

mu(z + At) = P()At

from the above equation, PyAt can be taken as 1. This is referred to as the unit impulse in a dynamical
system. Solving for this system, the following can e determined:
1

Wz + At) = —
m

Going back to the original equation for a single degree of freedom spring under free vibration:
Recall:

u(t) =0, u(z + At) = %

() + Ywu(0)
/1= 02

1
u(t) = e_w“’(“m)(m—&- %sin(w\/ 1—92(z + At)))

u(t) = e " (u(0)cos(wy/1 — h2t) + u sin(wy/1 — 1?t))

u(t) = e HHEHA) L sin(uy/T— g2(z + Af))

m mwy/1 — 12

A given equation can have 2 solutions P(t) = ajui(t) 4+ as + ua(t), for example
et = cos(wt) + isin(wt)
Where:
u1(t) = cos(wt), ug = isin(wt)

Where cos(wt) is real and isin(wt) is the imaginary portion.
Assume a spring as an external force applied to it p(t) = e™*

mii(t) + cu(t) + ku(t) = ™

When finding the particular solution, the following assumption will be made:

u(t) = Ae'® u(t) = Awie™, i(t) = Ani2e™t

Plugging this into the following expression, the following is obtained.
Am(w2i2)eiu_}t + Acu—)ieiwt + Akei@t _ eiwt
EF(AMG?(—1) + Acwie™ + Ak) = 7
A(—m@® 4 cwi + k) =1

1
—mw? 4+ coi + k

A:

1 1
(—2@?+ gwi+ 1)k

A:

18



Recalling from previous examples:

wQ—k I m
Tmlw? k
c
¢72mw

For the second term:

oGP 1w w cow
S 2mw w 2m w? 2wk 2k k2
1 1
A= — — -
(-5 +(£-9) 2wi+1)k
1 1
A= ' Lz
(-2 +20i2 +1) k

Now take 31 =

gle

(—B2+20if + 1) k

Now separate the function based on its real and imaginary portions:

1 1
(=BF +1)+2¢ip k

Plugging this into the guess for the particular solution, the following is obtained:

A:

1 1

t) = :
= T v 20im E
Now multiple the top and bottom by the complex conjugate of the function.
B 41-20if 1
(=BT +1)? + (2051)* &

Now apply Euler’s formula to this expression:

1wt

up(t) = et

e = cos(0) + isin()

_ B 1200 1 I
)= o e s epne kR Hism@En)
Separate this by real and imagery portions:
_ —Bi+1 ~2if, 1 .
up(t) = ((—ﬁ% 12+ (2051)° + CETI + (21/}51)2) e (cos(wt) + isin(wt)))
_1 A7 +1 L 2081 o1 —20ify )
up(t) = PRI T (21/)51)2608(wt)+k CRT1) + (2wﬁ1)282n(wt)+k CRT)+ (2¢51)zcos(wt)

N £
k(=B +1)% 4 (2¢41)?

isin(wt)
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Key Equation

(—B2 4+ 1)cos(wt)) + Qwﬁlsin(wt))) N 1 (—Qwﬁlcos(@t) + (=% + 1)sin(wt)
(=BF + 1) + (2¢5:)? (=B +1)* + (2951)?

up(t) = 7 - )i

In this case the following is true:
2 ~ . _
p(t) = cos(t), up(t) = 1. ((—51 +1)COS(W15))+2¢51$W(W75)))

Tk (—B7+1)2+(2¢B1)2

. —2 cos(w —B241)sin(@
p(t) = S’Ln(t)aup(t) - % ’ ( wﬂl(_ﬁ(f_:i;(_,_(gbj&% ( t))

Take for example, the following problem:

mii(t) + cu(t) + ku(t) = sin(wt)

Then the solution is simply:

u(t) — e_th(ACOS(w 1— w2t) + Bsin(w 1— th)) + % . (—Qwﬁl(ci);(%w—?SQ(;ﬁ(zJﬁi;;zn(Wf)

)

Solving for A and B the following expression is obtained:

Key Equation

4(0) + Ywu(0)

w17
sin(y/1 — %t + 2¢B1cos(\/1 — 12t)))

u(t) = e ¥ (u(0)cos(wy/1 — h2t) + sin(wy/1 — 12t))

e -a-g) @
K1 = B2+ (200)?) ‘wy/1— 42

! 7)si —2%t) — cos — )2
+k(1—ﬁ%)2+(2’§/}ﬁ)2((1_ﬂ1)82n( 1 ¢ t) 2¢51 ( 1 ¢ t))

The first term in this sequence represents the spring in free vibration, the second term represents the
transition to forced vibration, than the third term represents steady state.
For now lets only consider the following;:

w (t) _ l . (*27/151005(@0 + (*512 + l)Sin((IJt)
Tk (—B7+1)2 + (2051)?

)

This can be written as:

uss(t) = psin(wt — 0)

Where:
_1 1
PR T R @By
2
0 = tanfl(l i/}g2)
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Quantity

Expression

Periodic function

x(t+T)=xz(t)

Complex Fourier series

oo
> G

n=—oo
1 (7 2mn
Fourier coefficients C, = T/ 2(t) e 2Tt ¢
0
2
Fundamental frequency wo = T
. . 2mn
Harmonic frequencies Wn =N = —5-
ttT Tn 7rm 0 n m
Orthogonality condition / PR e g = 7
t T, n=m

Exponential identity

e =cosf +isinf

Real Fourier series

+ Z [an, cos(nwot) + by, sin(nwgt)]

Cosine coefficients

) cos(nwot) dt

ot [

Sine coefficients

by, = / x(t) sin(nwot) dt

Constant term

3

Table 2: Fourier series representations, coefficients, and orthogonality relations
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